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Abstract 

We study the value of cosmological constant in de Sitter brane embedded in 
five dimensions with positive, vanishing and negative bulk cosmological constant. 
In the case of negative bulk cosmological constant, we show that not zero but 
tiny four-dimensional cosmological constant can be realized by tiny deviation 
from bulk curvature of the Randall- Sundrum model. 
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1 Introduction 



Cosmological constant problem is one of most important problems in particle physics. 
From recent sophisticated observation fl[], our universe is acceleratingly expanding at 
present. This implies that the universe is de Sitter, namely, the four-dimensional 
cosmological constant A 4 is positive. According to the observed value, we have A 4 ~ 
lCr 120 Mp[ ~ (10~ 3 eV) 4 ~ (0.1 mm) -4 . When we would like to explain the reason 
why the A4 is extremely small, from the viewpoint of field theory, we confront a huge 
hierarchy between the cosmological constant and Planck scale. However it is expected 
that the origin of the hierarchy should be explained by the dynamics of underlying 
theory, for instance, string theory or M-theory. 

As an interesting challenge to cosmological constant problem, Rubakov and Sha- 
poshnikov proposed a model that the vanishing four-dimensional cosmological constant 
can be realized in the framework of six-dimensional world with warped two extra dimen- 
sions [@ . Namely, the suggestion of warped extra dimensions enables Einstein equations 
to have solutions with vanishing four-dimensional cosmological constant. Based on the 
five-dimensional theory with an infinite extra dimension, an alternative proposal was 
done by Randall and Sundrum M. The setup is that a flat 3-brane is embedded in 
AdS§ background geometry. In the Randall-Sundrum model, the four-dimensional cos- 
mological constant in brane is equal to zero due to the fine-tuning between the brane 
tension and the bulk cosmological constant, and the localized gravity on the brane 
generates the usual Newton's law [|], [| |, [|. Thus the vanishing A 4 is obtained by 
using extra dimension and fine-tuning of parameters. However actual value of A 4 is 
not zero but very small. 

Taking account of accelerating universe at present, we consider that it is neces- 
sary to embed four-dimensional de Sitter brane into higher dimensional world. It was 
demonstrated that gravity can be localized on de Sitter brane embedded in the five- 
dimensional curved background || |9|, [TO], [11], [L^]. Thus this implies that there exists 
the normalizable zero mode which reproduces the usual four- dimensional Newton's law 
at large distance. Furthermore the extensions of Randall-Sundrum model were widely 
investigated f[4j . In the setup, we are interested in the value of the four-dimensional 
cosmological constant in de Sitter brane. 

In this paper, we consider a single de Sitter brane embedded in five dimensions 
with positive, vanishing and negative bulk cosmological constant. We show that the 
four-dimensional cosmological constant in brane can be controlled by the curvature of 
bulk. In particular, in the case of negative bulk cosmological constant, we show that 
the observed value of four-dimensional cosmological constant can be realized by tiny 
deviation from bulk curvature of the Randall-Sundrum model. 

The plan of this paper is as follows. In section 2 we will present a setup considered 
here and we show the warp factors for positive, vanishing and negative bulk cosmolog- 
ical constant. In section 3 we show that the resulting volcano potential in Shrodinger 
equation for the gravitational fluctuations. We point out that the gravity can be lo- 
calized on the de Sitter brane and there exists a normalizable zero mode. In section 
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4 we calculate the normalization factor of the normalizable zero mode and derive the 
four-dimensional cosmological constant A 4 in brane. Moreover we study the behavior 
of A 4 for the bulk curvature. Finally our conclusions are described. 



2 The setup 

We consider five-dimensional theory with a single 3-brane and an infinite extra dimen- 
sion y. The action with brane tension V is given by 

s = J d 4 x dyV^G [^-n- a) - / d'x V , (1) 

where A and M are bulk cosmological constant and five- dimensional fundamental scale, 
respectively. The ansatz for metric in five dimensions is written in the following form 



ds z = a\y)g^dx^dx u + dy z = G MN dx M dx N , (2) 

where a(y) is warp factor and it is assumed that a fifth dimension y has Z 2 symmetry. 
The four-dimensional slice is de Sitter as follows, 

g^dafdx" = -dx\ + e 2VX x ° (dx\ + dx\ + dxfj . (3) 

Here we define A = A^/M^, where A4 and M p \ are four- dimensional cosmological 
constant and Planck scale, respectively. Solving Einstein equations of this setup, we 
can obtain warp factors for A > 0, A = and A < as follows, 

A>0 : a (y) = L VI sin ^—-^ (4) 

Lj 

A = : a{y) = VA{c-\y\) (5) 
A<0 : a(y) = Lv^sinh — , (6) 

Lj 

where c is a positive integration constant and the curvature of bulk is given by 



6M^ (7) 
\l |A| ' [ ) 

Note that c is the distance between the brane and the horizon. Imposing the nor- 
malization condition a(0) = 1, A can be written in terms of c, namely, we have 
A = L~ 2 sin" 2 c/L for A > 0, A = c~ 2 for A = 0, and A = L~ 2 sinh" 2 c/L for A < 0. 
The delta function due to presence of a brane at y = leads to the relation between 
the brane tension V and c. For A > 0, A = and A < 0, the brane tension is expressed 
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as 



A > 
A = 
A < 



V 



V 



6M 3 c 

— COt L 
6M 3 



c 

Tr 6M 3 , c 
y = -— - coth - . 

1j Lj 



(9) 
(10) 



For each A, positive c yields the brane world with positive tension brane. 



3 Localized gravity 

Localized gravity on the brane can be realized in setup considered here. Let us review 
the localization of gravity |3|, || |TT|, [L2| . 

By transforming from y to conformally flat coordinate z = J dy a~ 1 {y) ) the grav- 
itational fluctuation h liv {x,z) around the background metric is governed by familiar 
one-dimensional Shrodinger equation as follows, 



d 2 



dz* 



+ V(z) 



if) = m ip . 



(11) 



where V(z) is volcano potential, ip(z) corresponds to the fluctuation with dependence 
of z and m is four-dimensional mass. 



The conformally flat coordinate z is given by H. 11 



A > : z(y) = sgn(y) 



arc cosh 



sin 



A = : z(y) = sgn(y)-^ jlog 



z VA 



A < : z(y) = sgn{y) 



arc sinh 



A 



sin 



c ~\y\ 



z vA 



(12) 
(13) 
(14) 



A > : Zq = ^=arc cosh 



sm 



where the constant z is determined by imposing z(y = 0) = 0. Concretely we obtain 

(15) 

A = : z = ^log- (16) 

(17) 



A 

1 i 1 
log- 

A c 



A < : Zq = —p=arc sinh 



sm 



Thus the conformally flat coordinate z runs from — oo to +oo 
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For A > 0, A = and A < 0, the resulting volcano potential in the Shrodinger 
equation is explicitly expressed as || |TT 



A > 

A = 
A < 



V(z) 

V{z) 
V(z) 



-A 

4 

9 
4 

9 - 
-A 
4 
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A 



4 cosh 2 a/A (z + \z\) 
A - 3VA5{z) 



3\/Atanh z VX 6(i 
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A 



4 sinh 2 VX i 



Z + \Z\ 



- 3VAcoth2; vA 6(z 



(18) 

(19) 
(20) 



Note that the wave function depends on both the form of the volcano potential and the 
range of eigenvalue m 2 . Furthermore there no exist tachyon's modes m 2 < since the 
Hamiltonian in Eq. flTTD is positive definite value 0j. As described in Eqs.fll8l)— (pOf), 
The localization of gravity occurs due to an attractive force potential of delta function 
at origin. 

For A = 0, the potential is positive constant 9A/4 everywhere except at origin. 
For A > and A < 0, the potential goes to a constant 9A/4 for \z\ — > oo. Solving 
Shrodinger equation for < m 2 < 9A/4, the wave function of A = is expressed 
in terms of exponential function while the wave functions of A > and A < can 
be written in terms of hypergeometric function [11], 12|. Taking account of the delta 
function at origin and the finiteness of wave function, there exists only the wave function 
of m 2 = for each A. Up to the normalization factor, wave functions of zero mode 



0) can be taken the following forms [] 1] 



A > 


^0 


~ cosh 3/2 1 


^(^0 + 




A = 










A < 




~ sinh~ 3/2 a 


/I(z + 


A) 



(21) 
(22) 
(23) 

Thus there exists a normalizable zero mode for each A. On the other hand, the wave 
functions of m 2 > 9A/4 become plane waves with continuous modes. Consequently, 
there is a mass gap between the zero mode and massive continuous modes, and the be- 
ginning of massive mode starts from 9A/4. The normalizable zero mode wave function 
can produce the four-dimensional Newton's law. At large distance the small correction 
to Newton's law is generated by the contributions of wave functions with continuous 
modes. 



4 Cosmological constant in brane 

Using the result obtained in previous section, we can obtain the four- dimensional cos- 
mological constant A 4 . Since the gravitational potential between two unit masses at 
distance r via zero mode is expressed as V(r) = M~ 3 |-?/>o(0)| 2 /t, the Planck scale is 
given by M~ 2 = M- 3 |^ (0)| 2 . 
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Figure 1: overall factor for A > (dash) and A < (solid). 



Performing the normalization integral of zero mode wave function in Eqs.(|2l|) — (pffi), 
then we can obtain the normalization factor for A > 0, A = and A < 0. Using the 
normalization factor including A, we can get the four-dimensional cosmological constant 
in de Sitter brane as follows 

A>0 : A 4 = f{x) M* ( -HL) (24) 



M, 



pi, 



4 - f4 I M 



A = : A 4 = -M p 4 1 — (25) 



9 "' pl IM 



pi, 



A<0 : A 4 = < 7 (x)M p 4 1 [^-) (26) 



where 



7T 
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f(x) = (x 2 + l) 3 (^---^ I -arctanxj (27) 

Here we used A = A^/M^. Moreover we introduced a dimensionless parameter as 
follows 

LV , s 

IS «DSi- (29) 

Note that x is determined by the bulk curvature L which is fixed by bulk cosmolog- 
ical constant A. As described in Eqs.(f2~4"D — (|26|), we are interested in overall factor of 
Mpj(M/M p i) 6 for each A. This is because it is possibility that the factor may generate 
not zero but tiny value of A 4 . Let us investigate the value of overall factor for A = 0, 
A > and A < 0, separately. 

For A = 0, from Eq. fl25|) , the observed value of A 4 leads to the ratio M/M v \ ~ 1CT 20 . 
Namely, we have M = (9(100 MeV). Accidentally, the five-dimensional fundamental 



6 



scale is closely equal to the QCD scale. This implies that in the case of de Sitter 
brane embedded in A = background, the observed value of the four-dimensional 
cosmological constant cannot be phenomenologically obtained. 

In the case of A > and A < 0, A4 is obviously determined by x defined in Eq. (p9|) . 
It is necessary to study the behavior of A 4 for the variation of x. 

For A > 0, the overall factor f(x), which determines the value of A4, is shown 
in Figure.pjdash curve). Since the limit of x — > 00 yields f(x) — > 4/9, we have 
4/9 < f{x) < 7r 2 /4 for x > 1. Looking the relation between x and background 
geometry, the transition from small x to large x corresponds to the continuous transition 
from A > background to A = background. As for warp factor, from Eqs.(|]) 
and (|5D, the warp factor of A > goes to the that of A = 0. For arbitrary x, the 
magnitude of f(x) is almost order of the unity. In similar to the case of A = 0, 
we must take M = (9(100 MeV) in order to obtain the observed value of the four- 
dimensional cosmological constant. Thus in the case of A > background we cannot 
obtain extremely tiny A 4 . 

For A < 0, the overall factor g(x) is shown as solid curve in Figure.|I[ From Eq.(|i~0|), 
we have x > 1. Taking the limit of x — > 00, we have g(x) — > 4/9 and Eq.fl26|) goes to 
Eq.(^). Furthermore, from Eqs.(||) and @, the warp factor of A < goes to the that 
of A = 0. This implies the transition from A < to A = 0. Particularly the case of 
x = 1 corresponds to a flat 3-brane (A 4 = 0), obviously, this situation is as same as the 
Randall- Sundrum model of Ref.0. The point at x = 1 leads to the bulk curvature of 
the Randall- Sundrum model as follows, 

6M 3 

£rs = ■ (30) 

From Eq.(|6|) and a(0) = 1, in the limit of x — > 1 we obtain a(y) — > e~\ y " Lns which 
is consistent with warp factor of the Randall- Sundrum model. In order to get not 
zero but tiny A4, we consider that the curvature of bulk has tiny deviation from Lrs- 
Namely, we take L = L RS + I (I < 1), from Eq.fl29|), x = 1 + e (e = //L RS < 1) is 
obtained. Using g(l + e) ~ e, the four- dimensional cosmological constant in de Sitter 
brane is given by 

A 4 ~ e< t ( ^-V . (31) 



As expected in theories with extra dimensions and in future collider LHC, adopting 
M = TeV and observed value of A 4 , we have e ~ 10~ 24 . If L^s = 0.1 mm is close 
to the lower bound at which gravitational experiments are performed in the future 



|i~5 |, then I ~ 10~ 13 fm. Thus we point out that, in de Sitter brane embedded in five 
dimensions with negative bulk cosmological constant, it is possibility that not zero 
but extremely tiny A 4 comes from the extremely tiny deviation from bulk curvature of 
Randall- Sundrum model. 
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5 Conclusion 



We are interested in the recent observation that the four-dimensional cosmological 
constant A4 is not zero but positive tiny constant. We considered the de Sitter brane 
embedded in five dimensions with positive, vanishing and negative bulk cosmological 
constant A. In the setup for each A, gravity can be localized on the brane and there 
exists a normalizable zero mode which generates the usual Newton's law at large dis- 
tance. By calculating the normalization integral of a zero mode, we derived A 4 for 
each A. In the case of A > and A = 0, fundamental scale in five dimensions must be 
taken MeV scale in order to obtain the observed value of A 4 . For A < 0, we pointed 
out that the observed value of A4 can be realized by tiny deviation from bulk curva- 
ture of the Randall-Sundrum model. From the viewpoint of the cosmological constant, 
we should consider the system of a de Sitter brane in A < background geometry. 
Here we mention some comments. In this paper it is not saying that we solved the 
cosmological constant problem. Since we considered the bulk cosmological constant as 
a parameter, we must explain the reason why the bulk curvature is vicinity of bulk 
curvature of the Randall-Sundrum model. Namely the bulk curvature is determined by 
the bulk cosmological constant governed by the fundamental theory of high energy re- 
gion, it is unknown whether a scenario considered here can be realized by the dynamics 
of fundamental theory. However we suggested a proposal to obtain not zero but ex- 
tremely tiny four-dimensional cosmological constant without fine-tuning of couplings. 
In cosmological context a brane model presented here will be discussed in future. 
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